We outline a general formalism of hydrodynamics for quantum systems with multiple particle species which undergo completely elastic scattering. In the thermodynamic limit, the complete kinematic data of the problem consists of the particle content, the dispersion relations, and a universal dressing transformation which accounts for interparticle interactions. We consider quantum integrable models and we focus on the one-dimensional fermionic Hubbard model. By linearizing hydrodynamic equations, we provide exact closed-form expressions for Drude weights, generalized static charge susceptibilities and charge-current correlators valid on hydrodynamic scale, represented as integral kernels operating diagonally in the space of mode numbers of thermodynamic excitations. We find that, on hydrodynamic scales, Drude weights manifestly display Onsager reciprocal relations even for generic (i.e. non-canonical) equilibrium states, and establish a generalized detailed balance condition for a general quantum integrable model. We present the first exact analytic expressions for the general Drude weights in the Hubbard model, and explain how to reconcile different approaches for computing Drude weights from the previous literature.
In past few years, a lot of interest has been devoted to studying various paradigms of non-ergodic manybody physics, such as quantum quenches, equilibration to generalized Gibbs ensembles and phenomenon of prethermalization [1] [2] [3] . One of the prominent recent results is the formalism of generalized hydrodynamics developed in [4, 5] , with a large number of subsequent studies investigating its various aspects and applications [6] [7] [8] [9] [10] [11] [12] [13] , including the exact computation of Drude weights in the Heisenberg model XXZ spin-1/2 chain [14] . In analogy to the conventional theory of hydrodynamics [15] , the authors of [16] just recently obtained a closed formula for Drude weights expressed in terms of local equilibrium state functions for the case of integrable Bose gas (Lieb-Liniger model) and conjectured that similar formulae may hold in quantum integrable models more generally. In this work, we go a step further and extend the formalism to integrable models which possess physical particles with internal degrees of freedom and are solvable by nested Bethe Ansatz. Nesting is referred to the situation when physical degrees of freedom are associated with a higher rank symmetry group, leading to eigenfunctions with a hierarchical structure of internal quantum numbers and elementary excitations of different flavours. While studies of such models has been traditionally focused on Gibbs equilibrium [17] [18] [19] [20] [21] [22] , they have also been recently studied in the nonequilibrium context [23, 24] .
The chief aspect in which interacting quantum integrable theories differ from widely studied noninteracting systems is the dressing of (quasi)particle excitations, i.e. a process in which bare properties of the particle-hole type of excitations renormalize in the presence of interactions with a non-trivial reference (vacuum) state. The task of classifying excitations has been traditionally restricted to ground states for some of the simplest Bethe Ansatz solvable models [25] , and subsequently extended to some important examples of exactly solvable models of correlated electrons [19, 20, 26, 27] . A comprehensive exposition of the dressing formalism for grand canonical ensembles in nested Bethe Ansatz models can be found in [27] .
Dressing formalism. Integrable theories exhibit a completely elastic (factorizable) scattering of particlelike excitations [28] . Properties of such excitations represent the kinematic data of the theory. In particular, in Bethe Ansatz solvable models (see e.g. [20, 25] ) thermodynamic excitations relative to a bare vacuum [29] can be inferred from the solutions to (nested) Bethe equations. The latter in a finite volume take the form e ipα(u
j ) = 1, imposing single-valuedness of many-body eigenstates. Here the sets of quantum numbers {u (α) k } are called the Bethe roots and represent rapidity variables for distinct species (or flavours) of elementary excitations. The number and types of excitations depends on the model and can be inferred with aid of representation theory of the underlying quantized Lie (super)algebra. Elementary excitations typically form complexes which are interpreted as bound states. The emergent thermodynamic particle content, which can be inferred by e.g. analysing the L → ∞ limit of Bethe equations, is generally different from elementary excitations and is labeled by a pair of mode numbers, a particle type index a and a real rapidity variable u. The complete kinematic data are obtained from the bare momenta k a (u) and energies e a (u), and interparticle scattering phase shifts φ ab (u, w). Once given these functions, no explicit operator representation of the Hamiltonian and its conservation laws is ever required. In this work we present the details of the entire arXiv:1706.05931v2 [cond-mat.stat-mech] 27 Jun 2017 formalism for the non-trivial case of the (fermionic) Hubbard model.
A distinguished feature of integrable systems is a macroscopic number of local conservation laws which can be formally expressed in terms of a discrete basis of local charges Q i = x q i (x), with x labelling lattice sites. The associated currents J i = x j i (x) are defined with aid of the continuity equation, ∂ tQi + ∂ xĴi = 0. The key concept of the hydrodynamic approach is the dressing of bare energies e a → ε a and momenta k a → p a of particle excitations, which can be presented in a compact form
(1)
In interacting quantum integrable models solvable by (nested) Bethe Ansatz, the matrix convolution kernel Ω takes a universal form
with kernels K ab (u, w) defined as derivatives of the scattering phase shifts
, and σ a = sign(k a (u)). The (Fermi) filling functions ϑ a (u) specify the fraction of occupied modes with rapidities inside a small interval around u. Dispersion relations of excitations ε a (u) depend on a many-body vacuum which is uniquely specified by the rapidity distributions ρ a (u). In terms of (thermodynamic) particle excitations, the equilibrium averages of charge and current densities decompose as
, where j a (u) = ρ a (u)v dr a (u) are the current densities per mode [4, 5] . The group velocities of propagating particles are thus state-dependent, v dr a (u) = ε a (u)/p a (u). We furthermore introduce the effective charges as the bare charges renormalized under transformation Ω, namely the effective value of a local charge density q i is obtained as
Here parameters µ i are the chemical potentials of a local (generalized) equilibrium ensemble parametrized asˆ exp (− i µ iQi ) [30] [31] [32] . It is important to emphasize that despite the derivatives of dressed energies satisfying ε a = Ω ab e b = (e a ) eff , the effective charges are not the proper dressed charges associated with an excitation, and specifically ε a = e eff a . We moreover note that with aid of fusion identities among the scattering kernels, the transformation (2) can be decoupled to a quasi-local form in the mode space, cf. Supplemental Material [33] (SM) for explicit form for Hubbard model.
Drude weights. In this work, we shall mainly be concerned with general off-diagonal Drude weights
which represent magnitudes of the singular parts of the zero-frequency generalized conductivities [34, 35] ,
. We use · c to denote the connected part of the equilibrium expectation values. Although we shall restrict ourselves to grand canonical equilibria, our formalism applies (without modifications) to general local equilibrium states.
An exact representation for D (i,j) can be given in terms of the static covariance matrix C, C ij = Q i q j c , with diagonal components χ i = C ii representing (generalized) static susceptibilities, and charge-current correlators (overlaps) O, O ij = Q i j j c . Explicit expressions in terms of thermodynamic state functions can be found in [33] . The time-averaged current-current correlator Eq. (4) can be projected onto the subspace formed by local conserved quantities which yields the well-known Mazur-Suzuki equality [36, 37] and proves useful for bounding dynamical susceptibilities [38] . In matrix notation the latter reads [39] . A central result of our work is that on hydrodynamic scale, static charge-charge, charge-current correlations, and generic Drude weights, all assume a universal mode decomposition (writing formally A ∈ {C, D, O})
which has exactly the same form as in the case of a singlecomponent interacting integrable Bose gas derived in a recent paper [16] . Importantly, in the above formula the kernels A a (u) and effective charges q eff a,i are expressible in terms of properties of equilibrium states which can be efficiently computed within Thermodynamic Bethe Ansatz (TBA) method [40] [41] [42] . It is noteworthy that Eq. (5) is written solely in the mode space, i.e. it acts (diagonally) on particle labels and rapidities, and that no explicit knowledge of a complete set of local charges is ever required in a computation. Indeed, thermodynamic expectation values of local charges are expressible as linear functionals of particles' rapidity distributions (see e.g. [32, 43] ) which are a natural extension of momentum distribution functions of free theories [44] .
Linearized hydrodynamics. The hydrodynamic approach [4, 5] is based on the notion of local quasistationary states, characterized by the local continuity equation in the mode space ∂ t ρ a (u)+∂ x j a (u) = 0. In the simplest scenario, one can think of a quantum quench in which an inhomogeneous initial state is initialized as two homogeneous equilibrated macroscopic regions brought in contact at t = 0, see [45] [46] [47] . In such a scenario, an emergent nonequilibrium state remains confined to the light cone region determined by particles' dressed velocities, leading eventually to a quasi-stationary state which depends on the ray coordinate ζ = x/t and is determined by the condition of vanishing convective derivative
The setting proves particularly useful for studying nonequilibrium transport properties and, in particular, computation of Drude weights. The latter can be conveniently defined as asymptotic current rates in the limit of vanishing bias δµ j (while keeping other chemical potentials fixed),
The above prescription has been initially used in [50] and employed in a recent numerical study [48] , while an analogous formula already appeared in an earlier work [39] . Equation (6) has been recently evaluated in [14, 51] using the hydrodynamic approach, transforming it first in the light cone coordinates, D (i,j) = (β/2) lim δµj →0 dζ ∂j i (ζ)/∂δµ j , and then computing quasi-stationary currents which are generated by joining together two nearly identical equilibrium states, i.e. imposing a small chemical potential drop at the origin µ
Here δµ i has the role of a thermodynamic force, e.g. to study energy transport we identify µ e = β.
Just very recently in [16] the authors applied Eq. (6) to the Lieb-Liniger model and obtained closed-form expressions analogous to Eq. (5). Below we generalize this result to interacting quantum models which involve multiple species of excitations and internal degrees of freedom. It is quite remarkable however that the final outcome remains a bilinear functional operating diagonally in the mode-number space, while the effect of interparticle interactions gets absorbed into a universal renormalization of bare charges, see Eq. (3).
Eq. (6) indicates that Drude weights are expressible as the variation of the equilibrium expectation values of total current [14] with respect to thermodynamic forces δµ j ,
, being the susceptibility of a system to develop ballistic currents. On each ray ζ, the averages of particle current densities are given by [4] 
e b (ζ), where rapidity dependence has been suppressed for brevity. Given the filling functions inside the light cone [33] for details). This leads to the form of Eq. (5), with
On detailed balance. The symmetry under exchanging indices i an j in representation (5) ,
, indicates that the Onsager reciprocal relations [52] remain valid for any stationary state, not only in thermal Gibbs equilibrium. This is indeed a general property of the hydrodynamic equation of motion [15] . Moreover we here show that in a general local equilibrium state of an integrable quantum model, there exist a generalized detailed balance condition on the hydrodynamic scale (i.e for small κ and ω), similarly as in the Lieb-Liniger model found recently in [53, 54] . More specifically, given a conserved quantity of the modelQ = xq x , the corresponding dynamical structure factor defined as Sq(κ, ω) =
FIG. 2. Thermal Drude weight D
(e) ≡ D (e,e) (rescaled by β) as function of temperature 1/β, presented for three different values of coupling u. The dotted vertical lines represent the charge gap. The inset plot magnifies the region around 1/β ∼ 0. Our results confirm the presence of the lowtemperature bump in the thermal Drude weight which comes from the dominant spin-carrying excitations, suggested and observed numerically in [48, 49] . The dots drawn on top of the theoretical predictions (solid curves) are the results of numerical DMRG calculations presented in [48] .
In the low-momentum limit κ → 0, each term is determined by a single matrix element of a particle-hole excitation on a reference equilibrium state [33] . Therefore, following the logic presented in [53] , we derive the following generalized reversibility property
with
a (u) − 1 , with u fixed by the energy constraint v dr a (u)κ = ω. In the case of thermal (canonical) equilibrium, given by ϑ a = (1 + exp (β ε a + i µ a,i n a )) −1 , we have F a (κ, ω) = βω, which is the usual detailed balance relation.
Hubbard model. The Hamiltonian of the 1D Hubbard model [55, 56] is given aŝ
2 ) is the Coulomb interaction. This model has received a lot of attention in the past decades [17, [57] [58] [59] [60] as well as in the last years [48, [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] . We consider the repulsive case u ≥ 0, featuring a u-dependent charge gap and gapless spin degrees of freedom.
The Hubbard model is diagonalized by means of nested Bethe Ansatz [17, 20] . Eigenstates in a finite system of length L are characterized by quantum numbers which are solutions to Lieb-Wu equations [74] (cf. SM [33] ) The model involves two elementary degrees of freedom; the physical particles are momentum-carrying electrons, while spin degrees of freedom represent internal (non-dynamical) excitations described by auxiliary quantum numbers. In a thermodynamic system one finds various types of charge and/or spin-carrying bound states. Specifically, the thermodynamic particle content of the Hubbard model has been derived in [75] (see also [20, 27] ) and comprises of (i) spin-up momentum-carrying electronic excitations which carry unit bare (electronic) charge (ii) spin-singlet electronic bound states and (iii) charge-neutral non-dynamical spin-carrying magnonic excitations. A detailed description of the particle content and other information, including explicit expressions for their bare momenta, energies, scattering phases and the dressing transformation, are reported in SM [33] .
Numerical results. We present temperature dependence of charge and spin, see Fig. 1 , and thermal Drude weights, see Fig. 2 , in grand canonical equilib-
is total electron charge, and
We compared our data with the recent DMRG computation presented in [48, 72] . Most notably, at low temperatures appreciably below the charge gap we confirm the 'Hubbard to Heisenberg crossover' in the thermal Drude weight observed previously in [48, 49] , see Fig. 2 . In [33] we also present an exact computation of the asymptotic charge and current profiles inside a light cone and make comparisons with the numerical results of [72] .
Conclusions. We presented a general theoretical and computational framework to access the singular components (Drude weights) of generalized transport coefficients in quantum integrable models. We exemplified our approach by computing exact numerical values of (diagonal) charge, spin and thermal Drude weights in the onedimensional fermionic Hubbard model in grand canonical equilibrium at finite temperatures and chemical potentials. Using the two-partition protocol, we additionally computed the quasi-stationary energy and charge density profile and the corresponding current [33] .
Our results finally permit to establish the equivalence of various approaches for computing the spin Drude weight employed in the previous literature: (i) using projections onto local conserved subspaces by virtue of Mazur-Suzuki equality [38, 76, 77] , (ii) taking the linearresponse limit of the asymptotic current rates [14, 51] and (iii) computing the energy-level curvatures [78] [79] [80] [81] under the twisted boundary conditions in accordance with Kohn formula [82] . The latter has been evaluated within the TBA framework in [79, 80] , yielding a closed formula expressed in terms of filling functions, magnonic dispersion relations and O(1/L) corrections to the Bethe spectrum induced by the twist. Remarkably however, it is easy to see that the twist-dependence of the energy levels can be directly linked to the effective spin as given by Eq. (2). This in turn reconciles the results of [80] with Eq. (7), representing the equilibrium analogue of definition (6) used previously in refs. [14, 51] (further details are given in SM [33] , which also includes refs. [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] [94] ).
Finally, our results show that a generalized version of the detailed balance [53, 54, 95] is valid on hydrodynamic scales in any stationary state.
As a future task, it would be interesting to find an extension of the presented approach which would allow resolving the diffusive time-scale from the microscopic picture, see e.g. [96, 97] .
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Supplemental Material
Ballistic transport in the one-dimensional Hubbard model: the hydrodynamic approach
In this Supplementary Material we collect the most important technical results, present the detailed derivations and provide additional numerical results. The structure is as follows:
• Appendix A covers the technical background of the nested Bethe Ansatz technique for solving the onedimensional Hubbard model. We follow closely the presentation of [22, 27] which employs rapidity parametrization. A quasi-local formulation of TBA equations and the dressing transformation presented here appear to be new.
• In Appendix B we give a short derivation for the full generalized charge-charge and charge-current covariance matrices. This extends recent results of [16] to integrable quantum models solvable by nested Bethe Ansatz.
• In Appendix C we linearize the nonequilibrium hydrodynamic equations around a reference local equilibrium state, and obtain analytic closed-form expression of the (generalized) Drude weights. An analogous result for the Lieb-Liniger gas already appears in [16] .
• In Appendix D we present a derivation of the generalized detailed balance condition for an integrable model with multiple particle species by repeating the steps of the recent study [53] on the Lieb-Liniger model.
• In Appendix E we briefly revisit the exceptional case of spin Drude weight in the anisotropic Heisenberg spin-1/2 chain. We explain how to unify the three apriori different definitions for computing the spin Drude weigh employ in the previous literature.
• In Appendix F we present a general solution to the hydrodynamic equations for Hubbard model for the evolution from a bipartite initial equilibrium state. As an example, we compute the energy density and energy current quasi-stationary profiles and compare them with the results of tDMRG simulation. The Hamiltonian of 1D Hubbard model is of the form
The model possesses two globally conserved charges associated with U (1) symmetries, the total electron chargeN and the total spinŜ
which are sometimes included in the definition Hamiltonian,Ĥ =Ĥ 0 + µ cN + µ sŜ z . Bethe equations for a finite system of length L with periodic boundary conditions have been derived by Lieb and Wu [74] and take the nested form, We note that parametrization of Lieb-Wu equations (A4) in terms of u-roots is different from the conventional one given in terms of electron (quasi)momenta p j as in [75] . While the two are simply related by u j = sin (k j ), rapidity parametrization proves more convenient since it renders all scattering amplitudes manifestly rational functions depending only on the difference of particles' rapidities. A downside is that the momentum-dependent phase e ik(u) as a function of momentum-carrying roots u i then becomes a double-valued function, meaning that each root u i gives two distinct values of momenta. It is thus convenient to introduce a new type of roots, referred to as the y-roots, by virtue of Zhukovsky transform
The corresponding functional equation 1 2 (x(u) + 1/x(u)) = u has two solutions (branches), and presently we adopt
with a square-root branch cut on the interval I = (−1, 1). For any u ∈ C the two branches correspond to the values y ± (u) given by
When rapidity u is taken from the branch cut, u ∈ I, we adopt the following prescription
i.e. we take the two values just above and just below the cut I. Since we have
the two branches of momenta are given by
Thermodynamic solutions to Eqs. (A4) -taking the limit L → ∞ while keeping ratios N/L and M/L finite -can be inferred from the stability condition of the asymptotic solutions, and comprise of self-conjugate string-like patterns of regularly displaced complex-valued rapidities with equal real parts centred on the real axis. These are identified with the thermodynamic particle content of the model which in the Hubbard model and comprise of:
• y-particles, which are spin-up m y = 1 2 momentum-carrying electronic excitations which carry unit electron charge n y = 1. The y-particle excitations are split into two branches denoted by y ± with the corresponding rapidities u ±j . The y-particles do not form bound states on their own. Their bare momenta are denoted by k ± (u) ∈ R, and satisfy k − > 0 and k + < 0, with k + + k − = 0.. The lower and upper momentum branches of the y-particle are
with the corresponding derivatives
The bare energies are e ± (u) and read
• M |uw-strings, which are bound states of 2M u-roots and M w-roots, carrying charge n M |uw = 2M and no spin m M |uw = 0. An M |uw-string is parametrized by u ∈ R and comprises of rapidities
To find the corresponding y-roots we assign y +j = x(u j ) and y −j = 1/x(u −j ). The corresponding momenta and energies are obtained by summing over all constituent u-roots (recall that w-roots carry no momentum)
The derivative of their momenta satisfy k M |uw < 0, reading explicitly
• M |w-strings, which are chargless (n M |w = 0) compounds made of M w-roots, with spin m M |w = −M . They are parametrized by u ∈ R, and are of the form
The total charge N and total spin M in a Bethe eigenstate in terms of numbers of string excitations N a (a = {±, M |uw, M |w}) is
Thermodynamic limit. In the thermodynamic limit, the solutions to Eqs. (A4) become densely distributed on the rapidity axis and can be expressed in terms of particle densities ρ a which are defined as smooth densities of Bethe strings u
Given a set of string solutions {u j ) = 1 are understood as the holes. The hole densities in the thermodynamic limit are denoted byρ a (u), while the total densities of a state are denoted by ρ t a (u) = ρ a (u) +ρ a (u). In the Hubbard model, the densities of M |uw-and M |w-strings, denoted by ρ M |uw (u) and ρ M |w (u), respectively, are supported on the whole real axis, u ∈ R. On the other hand, the rapidity distributions of the special y-particles are split into two separate densities ρ ± (u) which are compactly supported on the branch cut I. To this end, we define two types of integral transformations. First, we introduce the standard convolution as
taken with the convention that one drop u and/or w when g and/or h depend only on a single variable, and adopting the implicit summation convention for convolution expressions of the form g ab h bc and g ab g b , namely summing and integrating over the domain of a b-string. Since the y-particles' rapidity variable have a bounded integration domain, i.e. z ∈ I, we introduced a restricted convolution operationˆ . The densities of y-particles satisfy the sum rule,
Denoting n M |uw ≡ 1 ρ M |uw , n M |w ≡ 1 ρ M |w , and n ± ≡ 1ˆ ρ ± , the electron charge and spin densities are expressed as
Energy density of a macroscopic state is obtained by adding contributions of all energy-carrying particles,
Takahashi's equations for the densities in rapidity parametrization take the form
The explicit form of integral kernels K M and K M N are given in section A 2. Equations (A27) can be, using fusion identities among scattering kernels (cf. section A 2), decoupled in a quasi-local form
where δ M N is the Kronecker delta, δ the Dirac delta, and the I is the adjacency (incidence) matrix for the model,
Local statistical ensembles. Thermodynamic Bethe Ansatz method is based on expressing the free energy density of a local statistical ensemble (a generalized Gibbs ensemble) as a set of coupled non-linear integral equations for the thermodynamic variables (e.g. Fermi filling functions of the thermodynamic excitations). Generalized Gibbs ensembles are conventionally expressed in the form
for a suitable (discrete) basis of local conserved quantitiesQ i and the corresponding chemical potentials µ i . By accounting for the fact that particles' mode distributions ρ a (u) essentially contain the complete information about local correlations functions, it is convenient to consider as a starting point an analytic parametrization [44] 
whereˆ a (u) correspond formally to a continuous family of local conserved operators whose eigenvalues coincide with the particles' rapidity distributions, and µ a ())u are the chemical potentials pertaining to individual modes. The partition sum Z GGE = Trˆ GGE in the L → ∞ limit is then evaluated with a saddle-point integration using Yang-Yang approach [40] , where the entropy density per particle is the logarithm of the number states occupying an infinitesimal rapidity interval [u, u + du] which (in models obeying the Fermi statistics) takes a universal form A solution to the variational problem δf
where the TBA Y -functions are as usual defined as ratios of hole and particle densities for each thermodynamic excitation in the spectrum,
The set of Y -functions is equivalent to the set of Fermi filling functions ϑ a , defined as ϑ a (u) = ρ a /ρ t a . For later purposes we moreover introduce the filling functions of the holes,θ a (u) = 1 − ϑ a (u).
For instance, in canonical Gibbs equilibrium,ˆ Gibbs ∼ exp (−βĤ + µ cN + µ sŜ z ), the canonical source terms in terms of particles' bare energies e a (u) and chemical potentials for the electronic charge and spin read
Using the fusion identities (cf. A 2), the above set of equations can be brought to an equivalent quasi-local form, reading explicitly
supplemented with the asymptotic conditions 
Dressing of excitations and effective charges
Excited states with respect to a reference macrosopic state (representing a many-body vacuum) are characterized in terms of the particle-hole type of excitations and a background of non-excited modes (quantum numbers) which experience a O(1/L) shift as a back-reaction to creating excitations. The difference between the rapidities of excited and reference states induced by N b ex particle-type of excitations of type b can be expressed as
while the hole-type excitations experience the same the shift of the opposite sign. The shift functions F ab (u, w), describing the back-flow of non-excited rapidities, satisfy a closed set of integral equations
In the thermodynamic limit, Eq. (A37) can be expressed as an integral equation which governs the dressing of bare quantities q a (u) (suppressing rapidity parameters)
Differentiating this expression with respect to rapidity variable we find
where the inverse of the dressing convolution kernel Ω explicitly reads
Two special (but central) examples of the above transformation are the dressed energies ε a and dressed momenta p a , providing dispersion relations of the particle-hole excitations with respect to a reference macrostate. The dressed velocities yield the group velocity of propagation and are given by
Notice that particle velocities, which are given as a ratio of the derivatives of two dressed quantities, do not satisfy the universal dressing equation. Moreover, it is worthwhile stressing that ε = (e a ) dr since [∂ u , Ω ab ] = 0. Hence, to avoid confusion, when applying the dressing transformation to the bare charge densities we shall speak of the effective charges, that is
The effective charges for the charge density q i can be alternatively obtained from the Y -functions of an equilibrium state parametrized in the form of Eq. (A29) as
In the Hubbard model, the derivatives of the dress charges q dr a are uniformly expressed as the solution to the following system of integral equations, 
with the asymptotics lim M →∞ m eff M |w = M . Therefore, only M |uw-strings and y-particles yield non-vanishing effective charge, while M |w-stings and y-particle yield non-vanishing effective spin. On the other hand, all types of particles (inducing the auxiliary ones) have non-zero effective energies e eff a in general. The effective electron charges and spin can also be obtained from
Scattering data and fusion identities
The elementary scattering amplitudes are
The scattering amplitudes for the regular M |uw-strings and M |w-strings are given by
whereas the scattering amplitudes between y-roots and M |uw-strings or M |w-strings are S M (u). The TBA integral kernels are defined as derivatives of the logarithmic scattering amplitudes,
The kernels for y-particles are similarly given by
for all types of particles a. Notice also that K +a = K −a . Canonical TBA equations (A32) can be cast in an equivalent quasi-local description by employing the following fusion identities among the scattering kernels,
with K 0 ≡ 0. In addition, the latter satisfy
In the canonical (Gibbs) equilibrium, the action of (K + 1) −1 on the bare energies e N |uw yields (K + 1)
Additionally, the terms which involve k M |uw can be simplified using
Appendix B: Static covariance matrix
To obtain the full static charge-current covariance matrix, i.e. overlap coefficients O ij , we consider
To facilitate calculations, we introduce a compact vector notation for quantities depending solely on the mode labels a and u, namely q = (q 1 (u), q 2 (u), . . .), and similarly for other quantities. Thus, expressing particle currents as
readily yields
Employing (σθ +K) −2 =θ 2Ω2 , and noticing thatθ −1 is a diagonal operator in the mode space, we find
The mode kernel O a (u) for the charge-current correlator
Alternatively, the static covariances can also be derived from the second derivatives of a functional
By setting g = {k, e} and calculating the gradients one obtains the well-known mode resolutions
Note that f k is the diagonal representation of the standard (generalized) free energy density f , which can be readily deduced from combining Bethe-Yang equations for the densities, Yang-Yang entropy and TBA equations for log Y a . The first derivatives of log Y a with respect to chemical potentials give the effective charges,
which readily implies
From the identity
the second derivatives of f g take the form
In the second line we have used1 −σθ(1 +Kσθ) −1K =Ω. After expressing the derivatives of the filling functions ϑ a as
we obtain
in turn implying
with the corresponding mode kernels
Comment 1. The Bare quantities which take constant values (i.e. do not depend on rapidities) require careful considerations. Considering spin of excitations as an example, the effective spin is determined via
Since the bare spins m a of spin-carrying excitations are all non-zero, one would expect that the same holds automatically also for the corresponding effective values. While this is in general the case, in the limit of vanishing chemical potential h → 0 the effective spin may tend to zero. The reason why this does not conflict with Eq. (B16) is an infinite summation over the particle content. Thus, in the presence of infinitely many types of excitations, the dressing transformation is of infinite dimension and demands an appropriate regularization. To this end let us consider the Gibbs equilibrium state in β → 0 limit where to the leading order in h we have m
.e. yields a results which is well-behaved in the h → 0 limit but diverges as ∼ a 2 in the limit of large strings (large bare spin). The corresponding filling functions on the other hand converge asymptotically for large a as ∼ 1/a 2 , and read 
The erased source term is substituted with an appropriate large-a asymptotic condition. For finite h we should impose lim a→∞ m eff a = a, which follows from the large-a asymptotics of log Y a in the canonical TBA equations. In the β → 0 limit and finite h, the Y-functions log Y 
We imagine a bipartite initial state with a chemical potential drop δµ j at the origin (while keeping other chemical potential fixed). The filling functions inside the light cone
, with the left/right boundary conditions ϑ L,R a which differ by amount O(δµ j ). The corrections due to the difference of particle velocities only enter in the sub-leading order and can be disregarded. On every ray ζ, the particle current densities can be expressed as
whereΞ =Ξ(ζ) is a diagonal operator which involves the jump discontinuity,
WritingÂ =σθΩ, expanding the inverse (Â −1 +Ξ) −1 =Â +ΞÂ 2 , using the identities
and finally integrating over the light cone region,
yields
In the last equality we have used ε a = 2πσ a ρ t a v dr a .
Appendix D: On the detailed balance
It was shown in [53] that in the Lieb-Liniger model the dynamical density structure, in the low-momentum limit κ → 0, is determined by a single particle-hole excitation,
whereρ is the conserved density operator and | ϑ|ρ|ϑ, u →ũ | 2 represents a matrix element of the single particle-hole excitation u →ũ with energy ω and small momentum κ. Recall that the matrix element is proportional to the available density of states for the particle-hole excitation, namely
Therefore, expanding it to the first order in κ around κ = 0 we find
implying a detailed balance condition in the order O(κ) of the form
where the function F(κ, ω) is given by
The recent results of [16] , lifting standard hydrodynamics results [15] to the generalized hydrodynamic theory [4, 5] , imply that the dynamical structure factor for any conserved local chargeq is characterized by a single particle-hole contribution, with energy equal to κ v dr (u). Models with multiple particle require an additional summation over all particle types, and formula (D1) generalizes to
where, using Eq. (5), the zero momentum limit of the matrix element is given by
By repeating the logic of [53] , we obtain the detailed balance expression for each particle type
Appendix E: Spin Drude weight in the anisotropic Heisenberg chain
We briefly revisit the exceptional case of ballistic spin transport in the anisotropic Heisenberg model at half filling, a phenomenon which has attracted considerable attention in the past, see e.g. [48, 80, 81, [83] [84] [85] [86] [87] [88] [89] [90] 92] . As explained and discussed in [14] , the peculiar behaviour of the finite-temperature spin Drude weight at µ s = 0 -which is vanishing outside of the critical interval |∆| < 1 where it exhibits a nowhere-continuous dependence on interaction anisotropy ∆ -is directly related to the formation of an exceptional pair of excitations which are charged under a hidden non-unitary conservation law [94] .
In [14] , the anomaly has been explained on the basis of symmetry properties of thermodynamic states under the spin-reversal transformation, which rigorously confirmed the exact analytical high-temperature bound derived earlier in [77] . Given the that dressing of particle excitations is a property of the reference local equilibrium state, the aim of this section is to shortly revisit this interesting case from the point of view of the linearized hydrodynamics. As explained below, this allows to reconcile our results with the previously obtained analytical resulting derive from alternative approaches.
The finite-temperature spin Drude weights has been initially computed with aid of the Kohn formula, cf. [78] [79] [80] [81] , expressing D (s) as the thermal average of the energy-level curvatures with respect to applying twisted boundary conditions [82] (or equivalently, piercing a ring with a magnetic flux φ). By resolving the O(L −2 ) corrections of the spectrum using TBA approach, ref. [80] finds an explicit expression for the spin Drude weight in the anisotropic Heisenberg model, which in our notation reads
where functions γ a describe O(1/L) shifts of Bethe roots due to the twisted boundaries. The φ-derivatives of γ a satisfy the following integral equations 
In the Heisenberg spin chain, the thermodynamic particle are magnons and bound states thereof, carrying a finite amount of bare spin. Their effective spins with respect to a generic local equilibrium state are thus given by some hydrodynamic continuity equation 
which completely determine the expectation values for local operators within the light cone emanating from the junction of the two initial equilibrium states. We wish to point out that the M |w-strings, being the auxiliary degrees of freedom, do not supply and dynamical information, but merely adapt their values to those of the physical ones, that is the y particles and the M |uw strings. This implies that one can either obtain functions ϑ M |w (u; ζ) with Eq. (F3) or, alternatively, compute them via the TBA equations (suppressing dependence on u)
with Y y (ζ) = ϑ 
and moreover of the charge density operatorn 
